ABSOLUTELY CONTINUOUS SPECTRUM FOR RANDOM 
SCHRODINGER OPERATORS ON TREE-STRIPS OF FINITE 

CONE TYPE. 



CHRISTIAN SADEL 

Abstract. A tree-strip of finite cone type is the product of a tree of finite 
cone type with a finite set. We consider random Schrodinger operators on these 
tree strips, similar to the Anderson model. We prove that for small disorder 
the spectrum is almost surely, purely, absolutely continuous in a certain set. 



1. Introduction 

If T denotes the set of vertices of a tree, i.e. a discrete graph without loops, then 
we call the cross product of T with a finite set I = {!,..., m} a tree-strip. The 
cardinality m of Z is referred to as 'width' or 'number of orbitals'. The expressions 
'strip' and 'width' come from the fact, that in dimension one, for the 'tree' Z, the set 
Z X Z corresponds to a strip of width m. The expression 'number of orbitals' refers 
to the fact that a Schrodinger operator on T x Z may model a multi-orbital system 
on T since there is a natural isomorphism between the Hilbert spaces i'^(T x I), 
£2(T) (g) C" and 0^Li^^(T). The m copies of P{T) model the orbitals and a 
Schrodinger operator can contain hopping terms along the tree, a potential and 
interactions between the orbitals. If Z = G is a finite graph, then there is a natural 
adjacency operator on the product graph T x G and there is an Anderson model on 
this product graph which can also be considered as a random Schrodinger operator 
on the tree-strip. 

A tree-strip of finite cone type is a tree-strip T x Z, where T is a tree of finite 
cone type. Such trees will be constructed below by a substitution rule. A certain 
class of operators on trees of finite cone type, including the (ordinary, one-orbital) 
Anderson model, have been studied in the PhD thesis by Matthias Keller [Kel] 
and the related papers [KLWi |KLW2| . In particular, they showed the existence of 
purely absolutely continuous spectrum for small disorder for a wide class of trees 
of finite cone type. 

It is widely accepted that for the Anderson model on Z''' and W'' and dimension 
d > 3 one expects the existence of a.c. (absolutely continuous) spectrum for small 
disorder and localization for large disorder and at spectral edges. In dimensions 
d — 1 and d = 2 one expects localization for any disorder, except if some built in 
symmetries prevent localization, e.g. ^SS^. 

Localization for one-dimensional models |GMP| IKuS| ICKMj , quasi-one dimen- 
sional models (i.e. strips) jLac| IKLSj and at spectral edges and high disorder 
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[FSl IFMSSI iDLSl ISWl ICKMl [PKl lKl2l lAMl lAlil IWal IKE] is well understood. Lo- 
calization for low disorder in 2 dimensions and a.c. spectrum for low disorder for 
d > 3 dimensions remain an open problem. 

The existence of a.c. spectrum has only been proved for the Anderson model on 
trees and tree-like graphs of infinite dimension. The first proof was done by Klein for 
regular trees, also called Bethe lattices |K13[ IK141 IK16j . Klein also proved ballistic 
behavior for the wave spreading on such trees [K15] . Later, different proofs and 
extensions where given in [AS W[ iFHSl IFHS2[ iHall I AWj . Froese, Easier, Spitzer and 
Halasan used hyperbolic geometry and recursive relations of the Green's function in 
the upper half plane to obtain their results [FHSi iFHS2l IHal| . A similar approach 
is used by Keller, Lenz and Warzel to study the Anderson model on trees of finite 
cone type paWllKLW2l . 

A tree-strip where the tree is a regular tree (Bethe lattice) is also called a Bethe 
strip. Froese, Hasler and Halasan generalized their method to obtain pure a.c. 
spectrum for an Anderson model on the Bethe strip of width 2 jFHH) . More 
precisely, they considered the Anderson model on the product of the regular tree 
of degree 3 with the finite graph consisting of two vertices and one edge connecting 
them and proved pure a.c. spectrum in a specific interval. Then, Klein and Sadel 
extended this result to the Bethe strip with arbitrary degree and arbitrary width 
[KSj . They used supersymmetric methods as in the original proof by Klein and 
they could also show ballistic behavior for the wave spreading IKS2J . 

All the mentioned results for the existence of a.c. spectrum are valid for small 
disorder, i.e. small variance of the random potential, and they all rely on some 
perturbation arguments. One of the key ingredients in Klein's method is the use of 
the implicit function theorem which demands to show that is not in the spectrum 
of a certain Frechet derivative. In this work, we will see that this method also works 
for random Schrodinger operators on tree-strips of finite cone type. However, the 
spectrum of the Frechet derivative is given by rather technical expressions leading 
to a quite technical theorem as one needs to exclude the energies where is in 
the spectrum of the Frechet derivative. Using some results from jKLWi IKel) we 
can show that under certain conditions this only excludes a nowhere dense set 
of energies. For the special case of the (one-orbital) Anderson model on a tree 
of finite cone type, the result obtained in this article is weaker than the one in 
jKLW2| . The random potentials treated in Kl.\\ 2' are more general and they only 
need to exclude finitely many energies for their perturbation arguments. However, 
as one can see in |FHH) , the hyperbolic geometry gets a lot more complicated when 
it is applied to strips. This is the main reason why only a Bethe strip of width 2 
has been considered with this method so far. The supersymmetric method on the 
contrary does not get more complicated, the width of the strip (number of orbitals) 
just appears as a parameter in the setting. The new result in this article compared 
to the work of Keller, Lenz and Warzel |Kell IKLW2) is the treatment of 'strips', 
i.e. multi-orbital random Schrodinger operators, and the new result compared to 
our old work [KS is the treatment of non regular trees of finite cone type. This 
leads to some more technicalities in this paper compared to [KSj . For instance, 
in order to avoid some extra condition on the type of trees of finite cone type, we 
work in some slightly different Banach spaces, "H'"^ and /C^"-* as defined in Section|31 
Another technical detail that will be dealt with is the fact that the distribution of 
the Green's function at different vertices x might be different as one constructs the 
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tree starting from a root. As a by product, this work contains the case of a rooted 
Bethe strip which was not considered in jKSj . (Note that the number of neighbors 
at the root for a rooted Bethe lattice is one less than for other vertices.) 

We will now describe a set of rooted trees of finite cone type that are associated 
to a substitution matrix S, like in pCeB IKLW1IKLW2] . Let 5 e Z^""* be an s x s 
matrix whose entries are non-negative integers. Associated to S are the following 
s rooted trees. Each vertex x has a label l{x) = p € {l,...,s}, a vertex with 
label p has exactly Sp^q children (forward neighbors) of label q, the total number 
of children is the row sum 

Sp := Sp^q . 

q=l 

Hence, except for the root, a vertex of label p has 5'p + 1 neighbors (one parent and 
Sp children) and the root has Sq neighbors if it has label q. Such an infinite tree is 
uniquely determined (up to tree isomorphisms) by S and the label of the root. We 
denote the tree where the root has label q by T'^^. If one cuts the path going to the 
root at a vertex with label p, then one obtains the tree T^^'^ or in other words, the 
cone of descendants at each vertex of label p is T'^^-' . Hence, there are only finitely 
many cones and therefore the tree is said to be of finite cone type. Vice versa, each 
tree of finite cone type can be constructed this way. 

As one can think of a vertex of label p as being substituted by Sp vertices in 
the next generation, where Sp^q of them are of label q, the matrix S is called the 
'substitution matrix'. Trees of finite cone type may also be called 'substitution 
trees' for this reason. The special case of a rooted Bethe lattice with connectivity 
K [K children for each vertex) is given by the 1x1 substitution matrix S — K. 
The regular tree of degree K + 1 is given by T^^^ using the substitution matrix 

Instead of considering these trees individually, we will simply consider the forest 
T = Ug=i 1'^'^'' consisting of the s connected trees T^'?^ . 

For x,y <^ T^''' let d{x, y) denote the distance, i.e. the length of the shortest path 
from X to y. If x G T^^^ and y £ T^'^ with p ^ q, then let d{x,y) = oo. We will 
consider the self- adjoint operators 



iHxu){x)=\ y u{y)\ +Au{x)+\V{x)u{x) (1.1) 




on the Hilbert space of valued f functions on T, £'^(T,C"') 9 u. This means 
uix) € C™ and Exgt < The Hilbert space ^^(T,^") is canonically 

equivalent to 0^^^ e{T^'i\U'') ^ e^{T) ® C™ £^{T x {1, . . . ,to}). The set of 
real symmetric m x m matrices will be denoted by Sym(m) and A £ Sym(m) 
represents the 'free vertical operator'. The matrices Vx S Sym(m) for x € T 
are independent identically distributed random variables, distributed according to 
the probability measure v on Sym(m). A and Vx describe the potential and the 
interactions between the m orbitals. Clearly, H\ — where H^^ is the 

restriction of Hx to ('!'('?), C") and can be seen as random Schrodinger operator 
on the tree strip T^"*' x X. 
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For A = one 

has i?o = A «) 1 + 1 (g) A on ^^j-qp) ^ ^^lere A describes the 
adjacency operator on ^^(T) given by 



iAv)ix)= vee\T). (1.2) 

y:d{x,y)=l 



Setting A to be the adjacency matrix for a finite graph G and i> to be supported on 
the diagonal matrices, i.i.d. in each diagonal entry, we obtain the Anderson model 
on the product of the finite graph G with T. Setting ^ = and u to be distribution 
as in the orthogonal ensemble (GOE), we obtain the Wegner m-orbital model on 
the forest T. 

Our interest lies in the spectral type of H\ which is determined by the matrix- 
valued spectral measures at the vertices of the trees T^"?^ . For x S T, j G {1, . . . , m} 
let \x,j) denote the element in £^(T, C™) satisfying \x,j){y) = Sx,yej where ej is 
the j-th canonical basis vector in C™. Moreover, for an operator H we denote by 
{x,j\H\y, k) the scalar product between \x,j) and H\y, k) with the convention that 
the scalar product is linear in the second and anti-linear in the first component. 
Then, for a; € T we define the random, positive matrix valued measure on M by 



/ 



f{E)d^ix = [{x,3\f{H^)\x,k)]^^^^^ (1.3) 



for all compactly supported, continuous functions / on R. 

The roots of T^'^^ C T will have a special role, therefore let us denote them by 
Oq e T^^'. Similarly to above, we let \x) denote the function \x){y) = 5x,y on £^(T) 
and for Im(^;) > we define 

rW:=(0,|(A-^)-i|0,). (1.4) 

Furthermore, we define 

rL":=ii«jr«., (1.5) 

for real energies E, if this limit exists as a limit in C (if the limit approaches infinity 
it is considered as non-existent). Then we define the set Iq C cr(Ag) by 



/q := e M : = limr^|.^ exists in C and Im(r^^) > | . (1. 



6) 



Now let ai < 02 < ... < be the eigenvalues of the free vertical operator A. 
Then, we define 

s m 

7s:=f|J,, lA,s-C]{Is+aj) = {E:E-ajeIs ,yj = l,...,m} . (1.7) 
9=1 j=i 

Let further A(m, Z+) denote the set of upper triangular matrices with non- 
negative integer entries. For J e A(m, Z+) and Im(^;) > as well as for z = E G 
Ia,s we define 

^g:= n [ril,ril/^' eC and (1.8) 

J,/cG{l,...,m} 
j<k 

Oj,. ■.= dmg{e%e%...,6%) e C-^ (1.9) 
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By diag(mi, . . . , rus) we denote the diagonal matrix with entries mi, . . . , ms on the 
diagonal. Furthermore, let us define 

m 

I J| ^ J^. e Z+ for JeA(m,Z+). (1.10) 

3.k=l 

The method of |KS) will be applicable to the set of energies E e Ia.s where 
det(6»,7,_E6>}, 7^ for ah J,J'eA(m,Z+) with |J| + |J'| > 1 . (1.11) 

Hence, let us define the set 

Ia^s n {E& Ia,s ■■ det{e j^Ee*j,^ES - 1) ^ } c Ia,s- (1-12) 

J,j'eA{m,Z+) 
\J\ + \J'\>1 

This means if E' e Ia,s, then 1 is not an eigenvalue of 6j^eS*j' fo'" 1*^1 + l-^'l — 1- 
The set Ia,s will be precisely the set where we will be able to use the implicit 
function theorem, similar as in [KSj . 

Assumptions. The following assumptions on the distribution on the potential V{x) 
and on the substitution matrix S will play an important role. 

(V) We assume that all mixed finite moments of the random entries of the ran- 
dom matrix V{x) exist. This implies that partial derivatives of the Fourier 
transform 

h{M) E (^e-''^(*'^^(^») , M € Sym(m) (1.13) 

exist to any order and are bounded. 

(51) Sp = Sp,q > 2, for any p € {1, . . . , s}, i.e. each vertex has at least 2 
children. 

(52) For all p, q Cz {I, . ■ . , s} there exists a natural number n such that the matrix 
entry (S'")p,q of S"" is positive. This means that for all p,q Cz {1, . . . , s} the 
tree T^p^ contains vertices labeled by q. 

(53) \\S\\ < for K ■.= inm{Sg,g : g G {1, . . . , s}} . 

Remark 1.1. 

(i) For S ^ 0, S € Z^^*, assumption (S3) implies Sq^q > K >2 since \\S\\ > 1. 
This in turn implies (SI). 

(ii) Assumptions (V) and (SI) are important to be able to use the method from [KS] 
for energies E £ Ia,s (cf Theorem [L^ below). Assumptions (S2) and (S3) 
will assure that the set Ia,s is a dense open subset of the interior Ia,s of Ia,s 
and not empty for small \\A\\ (cf. Theorem \1.3\ (i)). Therefore, Theorem \l.S\ 
is not an empty .statement. 

Theorem 1.2. // assumptions (V) and (SI) are satisfied, then there is an open 
neighborhood U of {0} x Ia,s such that for U\ = {E : (A,_E) G [/} one has 

the following: 

(i) The spectrum of H\ is almost surely purely absolutely continuous in U\. 

(ii) For every a; G T the average spectral measure E(/ix) is absolutely continuous 
with respect to the Lebesgue measure in U\ and the density is a positive semi- 
definite matrix valued function which depends continuously on (A, E) G U . 
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Moreover, at the roots Oq, the density of E(/i(Oq)), q — 1, . . . , s, is a positive 
definite matrix valued function in U\ . 

In order to show that this is not an empty statement in the sense that the set 
Ia.s is not always empty, we will also show the following. 

Theorem 1.3. Let the substitution matrix S satisfy (S2) and (S3). Then, the 
following hold: 

(i) The interior of the set Is is not empty and consists of finitely many intervals. 
In particular, letting a{S) denote the length of the longest of these intervals 
in Is and letting amax o,'>^d flmin &e the largest and smallest eigenvalue of A, 
one obtains: If a^^y^ — amin < a{S), then the interior Ia,s of the set Ia,s is 
not empty and consists of finitely many intervals. 

(ii) Ia,s is a dense open set in Ia.Si the closure of Ia,s contains Ia,s- Con- 
sequently, if flmax — Omin < ol{S) and A is small enough, then the set U\ 
as in Theorem \1.2\ contains some intervals and the theorem is not an empty 
statement. 

(iii) For a natural number 6 G N the matrix bS also satisfies (S2) and (S3) and 
one obtains Ihs = Vbis o-'^d hence a{bS) — ^/ba{S). In particular, for fixed 
A and b large enough one has Omax — amin < a{bS) and lA.bS is not empty. 

Remark 1.4. 

(i) / think that one can improve Theorem \1.3\ (ii) and conjecture that the set 
Ia.s \ Ia,s is always finite. In fact, for rooted regular trees (Bethe lattices) of 
degree K > 2, the set Ia,s \ Ia.s is actually empty (cf. |KSj ). The statement 
that iA,s is a, dense open subset of iA,s is quite a lot weaker. For instance, 
this is the case if Ia,s \ Ia,s is a cantor set consisting of uncountably many 
points. 

(ii) Part (i) and (iii) of Theorem \1.S\ are still valid if one replaces assumption 
(S3) by the weaker one: 

(S3') Sq^q > 1 for all q e {l,...,s} . 

In fact, part (i) is already proved in [Kell IKLW2j and the assumptions (SI), 
(S2) and (S3') together are equivalent to assumptions (MO), (Ml) and (M2) 
in [Kel[ IKLW2j . In view of my conjecture above, I aso expect part (ii) to be 
true in this case. 

(iii) Part (iii) of Theorem \1.3\ is particularly interesting for the Anderson model on 
a product graph where A is fixed to be the adjacency matrix of a finite graph 
G. It shows that there are substitution matrices S (and corresponding trees) 
such that the set Ia.s is not empty. 

(iv) / expect the set Ia,s to be non empty in many more cases than the once covered 
by Theorem \1.3[ However, since one can not obtain explicit formulas for the 
Greens functions vi'^'^ as defined in (jl.4p in general, it is not so simple to show 
that the set Ia.s is in fact not empty. 

The important objects we work with are the matrix Green's functions given by 

4^1(z) [{x,j\{H-z)-'\x,k)]^,^^^ € C™x" (1.14) 

for Im(z) > 0. The most important ingredient to obtain Theorem ll.2l is the follow- 
ing. 
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Theorem 1.5. Under assumptions (V) and (SI) there exists an open neighborhood 
U of {0} X Ia,s *^ such that for all vertices x £T the functions 



{\,E,7^)^¥.(G^^\E + ir,)) , 



defined for rj > 0, have continuous extensions to U x [0, cxd). 

Finally, let us remark that there is an orthogonal matrix O € 0(m) such that 
O'^AO is diagonal. Then, using the equivalence e'^{T,C"') e'^{T) (g) C™, the 
operator (1 (g) O) is unitary and one obtains 



[(1 (g) 0)*Hx{l (g) O)] u{x) = 22 "(y) + O^AOu{x) + XO^V{x)Ou{x) . 

\y:dix,y) = l ) 

Hence, without loss of generality, we can assume that A is a diagonal matrix and 
we will do so in the proofs. 

We will first prove Theorem 11.31 in Section [2j Then, in Section [3l we introduce 
the important Banach spaces that were also used in jKS| . Appendix iBl will give the 
super-symmetric formalism that leads to these spaces. In Section |4] we derive some 
fix-point equations in these Banach spaces. Next, we calculate the Frechet deriv- 
ative of the operators appearing in these fix point equations in Section [S] Finally, 
we use the implicit function theorem to obtain Theorem 11.51 and Theorem 1 1.2 1 



Acknowledgement. I am thankful to Matthias Keller for interesting discussions. 

2. Proof of Theorem 11.31 

The following observations are important. As in |KLW| iKel] define O to be the 
system of all open sets O in R, such that all the Green's functions z i— )■ ri''\ defined 
on the upper half plane H = {z e C : Im(z) > 0}, extend continuously to O U H 
with Im(r^'^) > for e O. Then let 

U ^- (2.1) 

Clearly, E5 is the largest set in O and the Green's functions as mentioned above 
extend continuously to E5 U H. Moreover, S5 C by definition of Iq. The 
following lemma is a consequence of Theorem 6 in [KLWj . 

Lemma 2.1. Let S satisfy (S2) and (S3). Then, the following holds: 

(i) ss c Is = n;=i/, 

(ii) S5 consists of finitely many intervals. 

(iii) The closure of S5 is equal to the spectrum of the adjacency operator A on T, 

I.e. Ss = a(A)DU^^i^9- 

(iv) (t(A) \ E5 is finite, and hence Iq \ S5 is finite for every label q G {1, . . . , s}. 

One also obtains the following. 

Lemma 2.2. Let S satisfy (S2) and (S3) and let us denote the dependence of the 
Green's functions vi"^^ for the adjacency operator A on the substitution matrix S 
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(which defines T) by Ti'^\s). Then, bS satisfies (S2) and (S3) as well and for a 
natural number 6 G N one finds 



T 



(9) 



^JbS) ^ ^^Ti'^\S) for lm(z)>0. (2.2) 

Proof. To see that 65* satisfies (S2) is straight forward, for (S3) note that with 
K = min{Sgg : q = l,...,s}, US']! < one has ibS)g g > bK and ||6S'|| = 
< bK^< {bK)\ 

As shown in jKLWl iKel] . under the assumptions (S2) and (S3) for Im(z) > the 
Green's functions are uniquely determined by the equations 

z + ^5p,,ri«)(5)) +1 = 0, Im(ri^)(5)) >0; (2.3) 

9=1 / 

z + ^65p,,r(«)(fe5) J +1 = 0, Im(r('')(6^)) > . (2.4) 

9=1 / 

If rl'^(5) satisfy ^ then it is a simple calculation to verify that Ti'^\bS) defined 
by ([23) satisfy (gH). □ 




Now we can go ahead with the proof of the theorem. 

Proof of Theorem\r^ Let S satisfy (S2) and (S3). Let Ss be defined as in dH]). 
Then, Lemma |2 . 1 1 states that Ig \ S5 is finite and E5 consists of finitely many open 
intervals. As S5 = cr(A) we also find that these intervals can not all be single points 
and hence the interior of Is is not empty and consists of finitely many intervals. 
Let a{S) be the length of the largest of those intervals. Then, the definition (|1.7p 
of Ia,s yields that Ia,s is not empty for amax — Omin < a{S). This shows part (i). 
For part(ii) let us define 

m 

S^,s:= {^{^s+aj)^{E:E-aj^^, Vj = l,...,m}. (2.5) 

i=i 

Then, Lemma [2T] implies that is an open subset of Ia.s and hence also of its 
interior Ia,s- Furthermore, Syi,s consists of finitely many intervals and Ia,s \ '^A.s 
is finite. Hence, T^a.s is a dense open set in Ia,s- 

As the dependence of Ia.s on A lies only in the eigenvalues of one may assume 
A to be diagonal. Then, for A = the matrix Green's function G^^^ {z) is diagonal 
and one has Gq''^ {z) = diag(r^''^„^ , . . . , T^^l^^^ ) . Therefore, the continuity statement 
of Theorem 1 1 . 5 1 for the case A = implies that Ia,s lies inside Ea,s, so Ia,s C T,a,s- 

We now prove that Ia,s is a dense open subset of S^.s- Since Sa,s is a dense 
open set in Ia,s, this implies that Ia,s is a dense open set in Ia.s- 

Let K = min {Sq.q : g € {1, . . . , s}}, then one has X > 2 by (S3). Then, [KLWl 
Lemma 3] or alternatively, [Kell Lemma 3.2] gives |r^l^ .| < } < -4= for all q. 
This implies 

\\e.,M\ < K-^''^ and <i^2-|./h|J'l ^ (2.6) 

where we used US'!! < as stated in assumption (S3). Thus, 

det{e j,eO*j,^eS -1) ^0 for | J| + | J'| > 2 . (2.7) 
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Therefore, the only possibihty to have E e ^A,s\iA,s is ii det{6j^Ed*j'^E^ ^'^) = 
for some J, J' e A(to,Z+) with |J| + | J'| = 1, i.e. either J = and |J'| = 1 or | J| = 
1 and J' — 0. Let us consider the latter case first and define fj{z) := det{9j,zS~l) 
for Im(z) > and z = £; e T,a,s- Moreover, let Nj = {E & S^.s : fjiE) = 0}. 

By definition of T,a,s, the functions z i— > 9jz extend continuously to T,a,s U H. 
Therefore, by continuity the set Nj is closed in Ha.s (with respect to the 
relative topology in Syi,s)- 

Claim; Nj C Sa,s is a closed, nowhere dense set in S^.s (i-e. the interior w.r.t. 
the topology in T,a,s is empty). 

Assume the interior of Nj in S^i.s is not empty. This means, there is some 
non-empty open interval / C Nj. Then, fj{E) — ior E £ I, so fj restricted 
to / is real and the limit of the holomorphic function fj{z) for Im(z) > with 
z ^ E. Therefore, by the Schwarz reflection principle, / extends to a holomorphic 
function in a neighborhood of / in the complex plane by defining f(z) = f{z) for 
Im(z) < 0. But since fj restricted to / is zero this means / would be identically 
zero in a complex neighborhood of / which contains an open set in the upper half 
plane. Therefore f{z) would be zero in the entire upper half plane. However, as 
the Green's functions ri^'' go to zero if the imaginary part of z goes to infinity, one 
obtains 

lim ej^E+«, = implying lim fj{E + irj) = det(-l) = (-1)^ (2.8) 

which gives a contradiction. Therefore, the interior of Nj is empty and Nj is a 
closed, nowhere dense set in Tia,s- 

Using the anti-holomorphic function gj{z) = dct{6j^S — 1) for Im(z) > 0, the 
same arguments give that the set Nj = {E e : gj{E) — 0} is also closed and 

nowhere dense in T,a,s- Now, finite unions of closed, nowhere dense sets are closed 
and nowhere dense and complements of closed nowhere dense sets are open dense 
sets. Therefore, by (I1.12p and (|2.7|) one obtains that 

Ia^s = ^a,s\{ U iVjUTVj) (2.9) 

JeA(m,Z+) 
|J|=1 

is a dense open set in T,a,s- This finishes the proof of part (ii). 

Part (iii) basically follows from Lemma 12.21 In particular, for the set Is as 
defined in (jl.7p . equation (12.21) implies hs — Vbis which by the definition of a(S') 
above implies a{bS) = Vba{S). □ 



Remark 2.3. 

(i) A similar argument can be used to obtain that the limits F^"* ~ limF^^j^ de- 
pend analytically on E for a dense open set in S5. By (j2.3p . F^' is implicitly 
defined for z — E <£ and for Im(z) > by F{z, Fi^\ . . . , v'f^) = where 
F = (Fi, . . .,F,) with 

Fpi^Z ^ X\ , . . . , X5) Xp \ Z -\' ^ ^ Sp^qXq J ~|~ 1 . 

V 9=1 / 
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Then dx,.Fp — Sp.r{z + J2q ^p-.q^i) + XpSp.r ■ Using p.3p and defining the 
diagonal matrix — diag(ri^\ . . . , ri^-*) this leads to the Jacobi matrix 

9.,i^p(z,rw, . . . ,r(^))j = -r;i + r,^ = r-\rls - 1) . 

- p,r— l,...,s 

By the same arguments as used above, the determinant of this Jacobi matrix 
is not zero in a dense open subset I in I — Iq. Using the analytic implicit 
function theorem, this implies that F^'' is analytic in E for E Cz I . 

(ii) For J{k) S A(m,Z+) defined by \ J{k)\ = 1, [J(k)]k,k = 1 one finds Oj(^i,)^e = 
r|_^^. As det(r|_„^5 - 1) = detie j(^k),ES - 1) for E G the 
arguments above give that Oj^e is analytic in E for E e Ia.s- 

(iii) The reason for assumption (S3) is that one only has to consider the limits 
(lei{6 j^zS—V) and det{6*j, for z — > i? g Ia,s o,nd these are holomorphic 
and anti-holomorphic functions for z in the upper half plane. This is not true 
for det(dj^z&*j, — 1). However, intuitively these functions should not go to 
zero too often. 



3. Some Banach spaces 

We first introduce the important Banach spaces and operators as in |KS| IKS2j . 
For the supersymmetric background of these definitions see Appendix |B] 

Let I = {!,..., m} and let Syni^(rn) denote the set of real, symmetric m x m 
matrices M satisfying M > in matrix sense, i.e. for all v e R™ one has Mv > 0. 
We define V to be the set of pairs (a, a) of subsets of I with the same cardinality, 

-P {(a,a) : a,a Cl, |a| = |a|} . (3.1) 

Moreover, let n be an integer satisfying n > ^,\et a = (oi, . . . , ai), a = (ai, . . . , a„) 
and define 

:= {(a, a) e (^5(1))" x (^(I))" : (a,, a,) G V} . (3.2) 
For functions on (Sym'''(m)) let dj,k denote the derivative with respect to the 
j, k- entry of M, dj^kf{M) = g^f{M) (by symmetry, dj^k = dk^j) and let dj^k = 
i(l + 5j^k)djM and define as in [j^H^ 

: ■.. : . (3.3) 

Now set -Dgj to be the identity operator and define 

n 

Dq^q := det(aa,a) and i'a.a := J]^ -Dg.^af • (3.4) 

For LP, LP' e M'"x2"^ B e C™''" we define 

• Bip' := Triip'^Bip') , ip®^ ipip'^ G Sym+(m) . (3.5) 

Let C^(Sym^(r7i)) denote set of smooth functions / on the interior of Sym^(m) 
such that the functions <p £'a,a/(¥'®^) extend to C°° functions on M™x2n^ More- 
over, let iS„(Sym"^(m)) denote the set of functions where (p i— >■ £'a.a/(¥'®^) extend 
to Schwarz function. 
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For / e 5„(Sym+(m)) we introduce the norms as in pOll |KS^ iKSl lKS2] 

where |a| = |ai| + |a2| + . . . + |a„|. Now let Ti be the completion of iS„(Sym^(m)) 
with respect to the norm ||| • |||2, H is a Hilbert space. The Banach spaces Tip, 
p £ [1 , oo] , are defined by 

7^,:= {/ £ H : 11/11^^ := i/lb + |||/|||p < oo } . (3.7) 

For the same technical reasons as in [KS] we have to work on some specific closed 
subspaces. 

Definition 3.1. 

(i) Let Sym(;(m) denote the complex symmetric, m x m matrices. 

(ii) For B G Sym^ijn) with strictly positive real part (i.e., Ke B > 0), let V£{B) 
denote the vector space spanned by functions f € C^(Sym^(m)) of the form 
f{M) = p(M) exp(— Tr(Mi?)), where p{M) is a polynomial in the entries of 
M € Sym+(m). Clearly, V£{B) C 5„(Sym+(m)). 

(iii) Let V£^°\B) = {/ e V£{B) : /(O) = 0}. 

(iv) Define V£{m) C iS„(Sym'''(m)) as the smallest vector spaces containing all 
vector spaces V£{B) for all B S Symc(m) with Re(i?) > 0. 

(v) For p e [l,oo] let % and Hp be the closures of'P£{m) in % and "Hp, respec- 
tively. 

(vi) Let H^°'> ^ {f eU : /(O) = 0} and for p G [l,c3o] let H^p ^ ^ {f e Up : 
/(0)-0}. 

Next we show that the last definition actually makes sense, i.e. / i— > /(O) can 
be interpreted as continuous linear functional on % and "Hp. Integrating over the 
Grassmann variables in (jB.16|) one obtains 

J i?i,i./(<P®')d''"V = /(O) (3.8) 

for / e 5„ (Sym^(m)). Using the Leibniz rule (jB.20p and the fact that the product 
of two L^ functions is L^, one sees that the map 

/ ^ L{f) := J i?x,x[e^T^(^°'V(¥'®')]rf'"> (3-9) 

defines a continuous linear functional on H and any Hp, extending the functional 

/ (-l)""V""/(0). Therefore, V.'^^^ and ni°^ are the kernel of L in V. and Hp, 
respectively, and we obtain the following. 

Lemma 3.2. n'^^^ and ni°^ are closed subspaces of and "Hp, respectively, with 
co-dimension 1. 

Furthermore, we get the following. 

Lemma 3.3. Given any complex symmetric m x m matrix B with KeB > 
and p e [l,oo), H and Hp are the closures ofV£{B) in T-L and "Hp, respectively. 
Consequently, 'H'-'^-' and T-L^p^ are the closures ofV£^°\B). 
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Proof. The first statement is precisely Lemma 2.5 in KS . For the second state- 
ment, let / e "H^^^ or respectively, and /„ G V£{B) with /„ — ^ / in "H or 
■Hp, respectively. Define /„(M) = /„(M) - /„(0)e-T'(*^^), then /„ e 
Moreover, since /n(0) — (— 7r)'""L(/„) — ^ 0, one finds /„ / in H or "Hp, respec- 
tively. □ 

Furthermore, on iS„(Sym^(TO)) (g) 5„(Sym^(TO)) let us introduce the product 
norms 

lllp 



(a,a),(b,b)e-P" 



then K. — ii is the completion of 5„(Sym~''(m)) (g) 5„(Sym^(m)) with respect 
to the norm |||| • ||||2. We further define the Banach spaces 

£p {geJC: M\2 + Mlp < oo} (3.11) 

and /C,/Cp as the closure of V£{m) ® V£{m) in /C and /Cp, respectively. Similarly 

to above, we also define /C^^-* and K^p^ as the set of functions g{ifi'^ , cp?') in K, and 
/Cp, respectively, with (7(0, 0) = 0. Similar to above, using the continuous linear 
map g ^ / e~'^'('^?'+'^-')g(tpf ^ V'®^)d2™"(p^d2™"tp_ one can prove that these 
spaces are closed subspaces of co-dimension 1. 

By Lemma 13.31 VElB) (S) P£{C) is dense in /C and /Cp, with p < 00, for any 
symmetric m x m matrices B, C with Re(_B) > and Re(C) > 0. Similarly, the 
vector space sum r£^°^ (B) ® VSiC) + V£{B) ® V£^°^ (C) is dense in /C'") and /C^p' 
for p < 00. 

As in jKS| IKS2| let us introduce supersymmetric Fourier transform T acting on 
5„(Sym+(TO)) by 

f_-i\mn r 

Tfi^p"^') = J e±''^-^ i?x,i/(¥'®') (3-12) 

where X e (*P(I))" is defined by X = {1,1, ... ,1). This definition is equivalent 
to (|B.21I) in Appendix [B] which is the same formula as |KS1 eq (2.30)]. For this 
definition it is important that 2n > m, because this insures that the map tp 1— > 1^®^ 
from K™><2n -(-Q gyni+(TO) is surjective and hence Tf S 5„(Sym~''(m)) is well defined. 
As (— y>)®^ = ^ change of variables also shows that the right hand side of 

(13.121) does not depend on the sign of ±<p • (p' in the first exponent. 

A key identity is the following equation which follows from the supersymmetric 
identity (jB.lSp . Let B be a symmetric matrix and Im(i3) > 0. Then, 

By Lemma 2.6 in [KSj T is unitary on H and H and a bounded operator from 
T-Li to Hoc as well as from Hi to Hoc,- Moreover, by p.Sp one finds T/(0) = /(O) 
for / G iS„(Sym'*'(m)) and hence T is also unitary on H and maps H^i'' to "HS"*. 

The operator T :~ T (E) T is given by 

rg((¥p'f,¥''-') (3.14) 



+ 

1_ J e±'(^V-^+±'^--'^-)i5+^i?^^^ g(<^02^^02)^2™„^^^2™„ 
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where -Dxi denotes the operator Dx,i with respect to the entry y^^. T is unitary 
on A^, JC and /C'^^ and it defines a bounded hnear map from ICi to ACoo, from /Ci to 
/Coo and from /C^"-* to . 

Remark 3.4. The use of the spaces is new in this work 

compared to jKSj . The restriction to these spaces reduces the spectrum of the Frechet 
derivative calculated in Section \5\ and helps avoiding an additional assumption on 
the substitution matrix S. 

Finally, another important fact that will be used often is the following. Using 
the Leibniz type rule (IB.20p in Appendix[Bl Holder's inequality and approximating 
functions in H, Hp by functions in V£{m)^ one obtains the following. 

Lemma 3.5. The product of a function in %, or K,, and finitely many functions 
in Hoo, or /Coo; *s w Hi, or Ki, respectively. Thus, for r > 2 we have continuous 
maps 

r 

(/i, /2, ...,/.) e H X HL"' ^ Hfp e Hi . (3.15) 

r 

(ffi,ff2,...,5r)e/Cx/Cjr' ^ e/Ci. (3.16) 



4. Fixed point equations 



In this and the following sections let the assumptions (V) and (SI) hold. For two 
neighboring sites x, y € T^'?^ let T*^^'^^ denote the rooted tree with root x obtained 
by removing the branch from x going through y in T'^''^. Furthermore, let H^^^^^ 
denote the operator H\ restricted to T^^'^^ and similar to (I1.14p let 



Gi^-I^)(z) := [(a:,j1(i7fl^)-z)-i|a:,fc) 



(4.1) 



For simplicity, we will denote the Green's functions at the roots by 

Gi'^'(z):=4"'i(z)= [(0„j|(i7A-z)-^|0„fc)],,, e C™. (4.2) 



In [KS| we used the operator instead of A on regular trees, so in order to 
easily refer to these formulas, let us define 

Gt\z):=2G^^\2z)=[{x,j\{\H^-z)-'\x,k)]^^ , &;!\z) -.^ Gt''\z) (4.3) 



As 

2 



3,k 



ii?A = iA (g) 1 + 1 «) iA + \XV{x) 



(4.4) 



(4.5) 



this means one needs to replace A and V{x) by and \V{x) compared to the 
formulas in [KSl IKS2] . Therefore, for any z = E + irj in the upper half plane, i.e., 
7^ > 0, and label q = 1, . . . , s, define the functions (^^l, C'xi^^ on Sym+(m) and £,'"^1, 
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^'xi^^ on Sym+(m) x Sym+(m) by 

Ci'Uv'"} ■■= E [ei^<°''''i>^"') = E (e4'»<°?'<'>-">) , (4,6) 
<S"(V°') := E (ei-^"Sr'li>f"'>^ = E (c4T.(0?' W ^'»)) , (4,7) 

«S(^f,^-):.E(»*K«>"<"-?-<^--)), (4,8) 

«™(^f , (.*"(<'"'-''"'"-^'-")) , (4,9) 

Moreover, similar to [KSj let us introduce the operators 

where the function h is the Fourier transform of the distribution of V{x) as given 
in (|1.13p . Here, for a given function g defined on Sym~''(m) and g defined on 
Sym+(TO) X Sym+(m) we use M{g), M{g{<p®'^)) and M(g), M{g[ip%^ ,ip®^), respec- 
tively, to denote the operator given by multiplication by and 5(<^®^, <^®^), 
respectively. This means, 

(M(5)/)(<^°^) = • (4.12) 

Let Np denote the set of neighbors of the root Op, i.e. Np — {x : d{x,Op) ^ 1}. 
Analogous to |KS[ eq. (3.13)] one obtains 

\xeNp 

(4.13) 

In view of p.l3p this equation is equivalent to 



G['\z) = -{z-XViOp)-A+ Y: Gi^'°^^(^)l (4.14) 

xeNr, 



which is a well known recursion relation for the Green's functions and used in many 
articles. Taking expectations and replacing z by | this gives 

eg - TB,^^ ( n dfA = TB,^. (fl&'A (4.15) 

\xeNp J \q=l / 

which is the analogue of [KSl eq. (3.16) and eq. (3.23)]. In the equation above we 
used that C^"^'""^ = C^'^ H x £ Np and the label of a; is g. This follows from the fact 
that the potential V(x) is independent identically distributed and that for x G Np 
with label q the tree T^^'^p' is equivalent to T^"^'. 

Analogously, like in |KSi eq. (4.4) and (4.12)], one obtains 

& - TB.^^ f n - TB,.. [m'^h'A ■ (4.16) 
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Recall that we assume without loss of generality that A is diagonal. Then, the 
Hamiltonian Hq (i.e., A = 0) splits into a direct sum of shifted Laplacians on m 
copies of the forest T. The Laplacians are shifted by the energies a^, i = 1, . . . , m, 
where A = diag(ai, . . . , Om). Therefore, in the free case, A = 0, one obtains 

C^:'i(v®^) = e^^(^^'''-"^), where := diag(ril^ , ril„ . . . , ri^i J . 

(4.17) 

By (|1.6I) and (|1.7I) . for E £ Ia,s Ia,s the point- wise limits 

C(;'i(V'°^):=limCS+.^(v.°^) = ^-), (4.18) 

^lfi,{^f\^^'):^lur^^l;^i,^^^i^f,^ (4.19) 

exist for any q = 1, . . . , s, where 

A^^ = ^^A^eI, , [A%k = -5,.. r'-^l^^ (4.20) 

are diagonal m x m matrices with strictly positive imaginary part. Note that this 
combined with (II. 9p leads to 



3(9) 



■IE- n [l^fkM'^E^hkl'''' ■ (4-21) 

j,k^{l, m} 

In order to write (|4.15p and ()4.16p in a more compact way, let us introduce the 
column- vectors 

C\. - (CS, Cil • • • , CiiV , 6.,. = {CA% ■ • ■ , &V , (4-22) 
and define for a vector w = {vi, . . . , u.,)^ e and an s x s matrix M the notation 



weC with wp -.^ Yiivq)^'^'-' (4.23) 
9=1 



Then (jil^ and (j4T6|) can be written as Ca,^ = TBx,z{C\,z)^ and ^a,z = 
TB\^z{^\,z)^ ■ The crucial observation is that these are fixed point equations in 
and JC^. Analogous to KS, Proposition 3.2] one obtains 

Proposition 4.1. We have: 

(i) For r/ = Imz > the operator B\ z is a bounded operator on "Hi, leaving 
Hi invariant, and the map 

{\E,ijJ)^ TB),,E+^J^ (4.24) 

is a continuous map from R x R x [0, 00) x 'H%-^ to . 

(ii) C\,z € for all X gM. and z ^ E + ir] with r/ > 0. The map (A, E, rj) — )■ 
Ca, £-1-177 ''^ continuous from R x M x (0, 00) to . 

(iii) If E e iA,s, then (q^e e 

limCo.B+jr, = Co,_E in Hl^ . (4.25) 

(iv) The equality (|4.15p can be rewritten as a fixed point equation in : 

Cx,z = TBx,4a,,f (4.26) 
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valid for all X ^M. and z = E + ir] with rj > 0, and also valid for A = and 
z — E with E G Ia,s- 

Proof. Part (ii) and (iii) as well as the fact that B\,z is bounded on Hi and Hi are 
proved completely analogous to the proof of Proposition 3.2 in |KS) and part (iv) 
is a consequence of (i), (ii), (iii) and equation (I4.15p . To get (i) assumption (SI) is 
important as it insures by Lemma 13.51 that f ^ f^ defines a continuous map from 
H%^ to HI- As T is continuous from Hi to Hoo one obtains (i). □ 

Similarly one also obtains the analogue to |KS[ Proposition 4.2]. 

Proposition 4.2. We have: 

(i) For rj = Im z > the operator B\^z is a hounded operator on K-i . Further- 
more, the map 

{X,E,r],g)^TB^,E+^^f (4.27) 
is a continuous map from M x M x [0, oo) x /C^ to /C^. 

(ii) Ca,2 G /C^ for all X gM. and z = E + irj with r] > 0. The map (A, E, rj) ^■ 
ix.E+iri is continuous from M x K x (0,oo) to /C^. 

(ui) If E G Ia,s, then ^o.b G A^oo and 

lim^CB+ir, = Co.B in /C^ . (4.28) 
(iv) The equality (j4.16p can be rewritten as a fixed point equation in /C^ ; 

6... = TB^A^^^zf - (4-29) 
valid for all X G M. and z — E + irj with rj > Q, and also valid for A = and 
z = E with E e Ia,s- 

5. Frechet derivative and its spectrum 

In this section we will analyze the fixed point equations (|4.26p and (|4.29p in more 
detail. Recall that A(to,Z+) denotes the collection of to x to upper triangular 
matrices with non-negative integer entries and for J — {Jj^k)j,k G A(to,Z_|_) we 
defined \J\ = J2j<k -h.k- Let 

e(^°^) = e-^^(^"^) , e{<p^') {e{v^\e{^^% . . . , e{^^')Y e [V£{m)Y 

(5.1) 

and define the map F : M x M x [0, oo) x (H^^' {H^^^Y by 

F(A,i?,r,,/) ■.= TBx,, ((e-+/)^) - e. (5.2) 

By ProDOsition l4.1l this is a continuous map and using (j3.8l) one obtains that indeed 
F{X,E,riJ) e {nt^Y fo^' (■H^V- Moreover, one finds 

Ca,. - X e {H^^Y and F(A, E, 77, d,. ^ Cx.z ~ e (5.3) 
The following Lemma corresponds to [KS[ Lemma 5.1]. 

Lemma 5.1. (i) The map F is continuous and Frechet- differentiable w.r.t. f G 
H^. The derivative F^ for f £ (H^)'^ is a hounded operator on (H^Y '^^.d 
extends naturally to a bounded operator on (H^^^Y which we will also denote as F^ 
(ii) For E e Ia,s l^^t Ce — FfiO, E, 0, C,q^e — (), then is a compact operator on 
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{n("^y and 

(iii) The spectrum of Ce as an operator on the Hilbert space is given by the 
eigenvalues of the matrices Oj^eS for \ J\ > 1, and the accumulation point 0. This 
means, denoting the spectrum of Ce on {H^^^Y by a^(a) one obtains 

(Ce) = U aiOj^ES) U {0} (5.4) 

JeA(m,Z+) 
|J|>1 

where Oj^e o.re the matrices as defined in (jl.9p . In particular, by the definition of 
Ia,s one has for E £ Ia,s 

l^a^(o)(C£) (5.5) 

(iv) The spectrum of Ce as an operator on (H^Y , denoted by cr^(o)(C£;), is the 
same as its spectrum as an operator on ("H 

CT^(o) (Ce) = cr^m (Ce)- (5.6) 

Proof, (i) The derivative Fjr can be written as a matrix of operators. Considering 
the p-th entry of _F, we get formally 

[FfU = df^Fp = ri?A..M (^Sp^, f[{ie + j (5.7) 

Let us define 

diag(/) = diag(/i,...,/,) .. ^ (5.8) 

which will be considered as an operator acting by matrix multiplication on a vector 
of functions. Then, (j5.7p can be written as 



F^^ = ri?A..M(diag((e'+ / )^) 5 diag((e'+ f)-^)) , (5.9) 

where M(Z?) denotes the multiplication operator g i— > Dg for a matrix valued 
function D. 

Using assumption (SI) and Lemma 13.51 one obtains that [-Fy]p.q as given in (15. 7p 

defines a linear operator on H'^'^' and on 'hS''. This implies the Frechet differentia- 
bility and claim (i) follows. 

To get (ii) note that Cb/ = rBo.£diag((Co,£;)^)5diag((Co,B)-^) / and that Ce 
and C|; can be seen as s x s matrices of operators. Compactness of C^ then follows 
from compactness of the matrix entries. This can be proved completely analogous 
to Lemma 5.1 (i) in |KS| . There one first shows that for functions /i, /2 G VS{m) 
the operator M(/i)TM(/i) is compact on % and "Hoc. Then one can approximate 
the entries of C| by sums of operators TM{fi)TM{f2) with /i, /s G VEim). 

To obtain (iii) let us start with the identity 

Ce e^*^T'-(*^^°')diag(Co,s)e, = TB,,Eei'''^^''^'''^6:re.g{{^o,E?)Se, 
which using p. 131) implies for the p-th component 



Ce e*'^(*^^"^)C^l(cp°2; 



Jp,q-' 



^p,,e*^'-((^-^-^-i^--^-'-*^^i . (5.10) 
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Here, M is a real symmetric matrix and t e M and (|5.10|) follows from (|3.13|) . 

Let 7'„(<p®^) denote the set of homogeneous polynomials of degree u in the entries 
of tp®^! together with the zero polynomial to make it a vector-space. Furthermore, 
let P<„(v'®^) and 7^<„(tp®^) denote the polynomials in the entries of tp®^ of degree 
smaller or equal to u and strictly less than u, respectively. 

Using (|4.18p and p.l3|) . a Taylor expansion with respect to t of the right hand 
side of (|5.10p gives 



(5.11) 

where Pu,M G 7'<„(<p®^). Performing a Taylor expansion of the left hand side of 
(|5.10p and comparing terms leads to 



Ce (Tr(Mc^®2)y" diag(Co^£(<^°^))e 



(5.12) 



Since the natural projection from 'P<u{ip®'^) onto 7^„((p®^) as well as the operator 
Ce are linear, the map [Tr{Mip®'^)]^ [Tr(A£;MAEV'®2)]", varying M, can be 
extended to a linear map on P„(<p®^). Using all real symmetric matrices M, the 
polynomials of the form [Tr(My3®^)]" span ■p„((^®^). Hence the extension is unique. 
To expand these homogeneous polynomials let us define for J S A(r7i,Z+) 

1 Jjh 



(5.13) 



j,kG{l,...,m} 

j<k 



Then one has 

u 

[Tr(M<^®2)]" = U^j.Mi'P^': 



ji,ki 



c{M,J)Pj{^'^'), (5.14) 



jl,...,js i=l 

fcl ,. . . ,fcs 



,/eA(m.Z+) 
\J\=u 



(P) 



where the latter equation defines the coefficients c(M, J). Similarly, using that A^g 
is diagonal as well as (|4.2ip one obtains 



ki . . ..jku 



(5.15) 



JeA(m,Z+) 
|J|=« 

Thus, we conclude that 

(5.16) 

giving 

Ce diag(Co,£;)-Pje5 = diag(Co,£;) [PjOj^eS + pj^e] (5.17) 
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where pj.E S [P<\.J\{'^'^'^)Y^^ ■ Now for J e A(to,Z+) define the vector spaces 

Yj ~ diag(Co,£)PjC^ = {diag(Co,B)Pji/ : v e C'} C [V£{m)Y c . (5.18) 
For I J| > 1 one finds Vj C [P£^°\m)Y C (H(°')^ Given u e Z+ define 

Vui- Vj. (5.19) 

J:l<|,/|<« 

Note that 'H'^ can be written as the direct vector sum = Vq ® ("H^^^)". Since 
Ce leaves (-H^"))" invariant one obtains for |J| > 1 that pj,£;(0) = implying 
<iiag{Co,E)pj,E eg e V|j|_iCV|j|. 

Therefore, Ce leaves each of the spaces V„ invariant. The spaces V„ arc nested, 
V„ C Yu+i and using the basis diag(Co, £;)-Pjeg for 1 < \ J\ < u and q — 1, . . . , s, 
ordered first by J and then by q, we see from (|5.17p that Ce restricted to V.^ is 
represented by an upper block-triangular matrix consisting of s x s matrix blocks. 
Moreover, the s x s blocks along the diagonal are given by the matrices Oj^eS. 
Therefore, the eigenvalues of Ce restricted to are exactly the eigenvalues of 
the matrices Oj^eS for 1 < |J| < u, i.e. cr(C£;|v„) = Ui<|,/|<u '''(^•■'•■E'S')- Using 

Lemma [3731 one obtains that U«>i'^m dense in (H^'^^Y . As Ce is compact, ()5.4p 
follows from ProDOsition lA.il 

For part (iv) note that a^(o){CE) C (J-^mlCE) by compactness of Ce in Hod- 
Equality follows as one finds eigenfunctions corresponding to the eigenvalues of 
9j_eS in V|j| which is a subspace of Hoc- D 

Let 

X(vf,<p?') := (e(¥'f).(¥'°^),...,e(¥pf)e(<p°^))^ G [P£im) ® V£{m)Y 

(5.20) 

and define the map Q : K x K x [0, oo) x (/cS^ (/cS^ 

Q(A, E, 77, g) := m,. {ix + gf)-X- (5.21) 

By Proposition l4.2l this is a continuous map and using p.Sp one obtains that indeed 
QiX,E,ri,g) e (/c£Y for g G (^2^. Moreover, one finds 

Clz-xe(/C£0' and g(A,£;,?7,Cl.-x) = Cl.-X- (5-22) 

Lemma 5.2. (i) The map Q is Frechet- differ entiahle w.r.t. g g {fC^^Y ■ '^^^ 
derivative is a bounded linear operator on {k!"^Y o,nd extends naturally to a 
hounded operator on {JC'^'^^Y ■ 

(ii) For E € Ia.s 1st Ce = Qg{0, E,0,(,q.e ~ x); then Ce is a compact operator on 
(/C(°))^ and (/ckT- 

(iii) The spectrum of Ce as an operator on the Hilbert space K,^ is given hy the 
eigenvalues of the matrices Oj^eS*/' e^ '^'^'^ accumulation point 0, i.e. denoting 
the spectrum ofCE on (/C^*^-*)* by ajQ(o){CE) one finds 

cTKio){CE)= U a{e.j^Ee*j,^ES)^m (5.23) 

J,j'GA(m,Z+) 
|J| + |J'|>1 
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where 9j^e,6j',e are the matrices as defined in (|1.9p . By definition of Ia,s one 
finds for E £ Ia.s 

1 ^ fT^(o, (Ce) ■ (5.24) 

(iv) The spectrum of Ce as an operator on (/cS'')'', denoted by (7^^,(0) (C^'), is the 
same as its spectrum as an operator on /C* ; 

c^i^m (Ce) = cTjcm (Ce)- (5.25) 

Proof. The proof is completely analogous to the one for Lemma 15.11 For (i) and 
(ii) note that the Frechet derivative of Q is given by 

= m,.M(diag((x + 5)'')5diag((x + 5)"')) ■ (5.26) 
For (iii) one starts with the identity 

C^ei^(*^^+^f-*'^'^-'^-')diag(fs.o)eJ (5.27) 

L J p 

^ gfTr(ve=(A-£;-2:.Sp,,A(,^>-tAf+)-i)^-fTr(<^5'(A-i5-E,Sp,,AM_t'M_)-i) 

Following similar steps as above and defining 

P+(c^f , V«^) = Pji^f) , F7(<pf , V'®^) = P7(¥'°^) (5.28) 
for J, J' e A(to,Z+), this leads to 

Ce Amg{iEfl)PjPJ,eq = diag(Co,£;) [PjPJ,ej,Ee*j,^ES + P.U',e\ e, , (5.29) 
where G [^<|j|+|j'| (vf , V-')]'^^ Setting 

Wj.j, =<Xia.g{iE,o)PjPJ,€.\ W„= Wj,j. (5.30) 

J,.J':l<\.J\ + \J'\<u 

one obtains that Ce leaves W„ invariant and the restriction can be written as a 
block upper triangular matrix using s x s blocks. The blocks along the diagonal 
are given by 6j,e6j' e^ hence 

o'(Ce|w„) = IJ (7{0,j,eO*j,^eS) . 

J,J':l<\J\ + \J'\<u 

Again, using Lemma [3^ one reahzes that lj„>i W„ is dense in (/C'"))^, hence (|5.23p 
follows from Proposition lA.il 

(iv) follows by the same arguments as in Lemma 15.11 □ 

6. Proof of the main Theorems 

The most important ingredient is the following proposition. 

Proposition 6.1. For any E G Ia.s there exist As > and ee > ^, such that the 
maps 

(A, E', 7]) e {-Xe, Ab) x{E-eE,E + ee) x (0, (») ^ Cx,E'+^r, e Hi, (6.1) 

and 

(A, E', 7j) e {-Xe, Xe) x{E-ee,E + ee) x (0, ^) ^ G.B'+^r, e -'C^ (6.2) 

have continuous extensions to {—Xe,Xe) x {E — Ee,E + Ee) x [0, cxd) satisfying 
(|4.26p and (|4.29p . respectively. 
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Proof. We will use the Implicit Function Theorem on Banach Spaces as stated 
in |K16| Appendix B], a rewriting of |Nir| Theorem 2.7.2]. Consider the function 
F(A,£', ry, /) = F{\,E,-q,f) - /. By Lemma Ol especially (|5?5|) . the Frechet 
derivative Fj{Q, E, 0, Co,_e — has no zero eigenvalue on (H^)" if iJ g Ia,s- Hence, 

the implicit function Theorem can be applied. As a consequence, for each E € Ia,s 
there exist > 0, e^; > 0, 77^; > and 5^ > 0, such that for each 

{X,E',r]) e {-Xe,Xe) X {E^eE,E + eE) x [0,r]E) 

there is a unique uj\^E',ri G ("HS')" with \\uj\,E',-q ~ {Co.e — ^Wn^^ < ^e, such that 
we have F(A, £", 77, lDa.b'.j)) = ^\.E',ri- Moreover, the map 

(A, E', ri) e {-Xe: Xe) -x {E - eE,E + ee) x [0, tje) — > i^x,E',r, e H^^ 

is continuous. To obtain the statement for the map (j6.ip it is left to show 

Cx.E'+i'n — £*= ^\,E',r) (6.3) 

for aU {X,E',ri) e (— A^, A^) x {E — eE,E + ee) x [0,t]e)- But it follows from 
Proposition 14.11 that C\,E'+iri ^ e G {nlSy is continuous on ({0} x {E'} x [0,77i])U 
(M X R X [771, 00)), for any 771 > 0, and it satisfies (|5.3p . Thus (|6.3p follows from the 
uniqueness in the Implicit Function Theorem. 

Using Proposition 14. 2[ (|5.22l) and Lemma 15. 2[ the proof for the map in (|6.2[) is 
completely analogous. □ 

Remark 6.2. The use of the spaces and /C(") lies in equations (|5.4p . (|5.5p . 

(j5.23p and (j5.24[) which are crucial for the proposition above. If one works with 
the spaces % and K, instead, this would mean that the spaces Vq a?7.c? Wq^q have to 
he added and the calculated Frechet derivatives Fj- and Q^^ on % and K, would get 
additional eigenvalues which are equal to the eigenvalues of S . For this reason, we 
would have to demand det(S' — 1) ^ m order to use the implicit function theorem 
as done above. This would artificially rule out some of the substitution trees. 

Corollary 6.3. For Im(z) > and neighboring sites x,y & T*^') one obtains the 
following. 

Ctl'^^^oo, ifx^O, and Ctf ^ Cl":'"^ e H , ^f^^% (6.4) 
Cg^^e/Coo, ifx^% and ei?^ = ei":'"' e /C , ifx^Q,. (6.5) 

Moreover, there is a neighborhood U of {0} x Ia,s such that for all x,y £ T*-^) 

with d{x,y) = I, the maps 

{X,E,7]) eRxRx (0, 00) ^ C^]'-'^ e -Hoo , {n, respectively, if x = 0,) (6.6) 
(A, E,7]) emxRx (0, 00) ^ Ci^^l^^ e /Coo , (/C, respectively, if x ^ 0,) (6.7) 
have continuous extensions to {X,E,rf} G [/ x [0,cxd). 

Proof. If d{x, y) = 1 and a; is a child of y (i.e. d{x, 0,) = 1 + d{y, OJ), then T^^l?') 
is equivalent to T'p' if the label of x is p, l{x) — p, and therefore Ca^]^'' = C\'l a-nd 
^Nw) _ ^(p)^ Together with Proposition 16.11 this implies all the statements if x is 
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a child of y. For the other statements, let us first consider the case x = Og. From 
Appendix [Cl equation (jC.6|) we find 

c£'^^ = mi n (6.8) 

As the y' above are all children of the root Oq, Ca^^'^''' € ^oo- By assumption (SI), 
Og has at least two children so the product over y' is not empty. If it has one factor 
than the product is an element of "Hoc C If it has more than one factor we use 
Lemma [3.51 to get that the product is in "Hi C As T and Sa.z are bounded 
operators on T-L one gets Ca°z'^^ ^ H. 

Now we will use an induction argument over d{x, Og). Let x' be the parent of x 

and X be the parent of y. Assume we already know Ca^^'^^ ^ ^ ^"^^ that it extends 
continuously in T-L. (We need to take the space T-L in the assumption in the first 
step, when x' + Og). 
Then 

ci?=Ti?A..( n ^H'^)- (6-9) 

Except for y' — x' , al neighbors y' of x will be children of x and hence Ca^'z'^'' 
extends continuously in Tioo- As x has at least two children by assumption (SI), 
there is at least one which is not y. Using the induction assumption. Lemma 13.51 
and the fact that TBx^z maps continuously from Tii to Tioo, we obtain that Ca^]^^ 
extends continuously in Tioo ■ 

With similar arguments, based on the relations (jC.7l) . one obtains the statements 
for the functions Ci^]^''. □ 

Remark 6.4. // the root 0, has 3 children, then C^""'^^ € Tioo and G JC^o- 

Analogously to jKSj, Theorem 11.51 follows directly from the Corollary above. 
More precisely, integrating out the Grassmann variables of the supersymmetric 
integral identities (|C.3p and (|C.4I) . we obtain 



E 



j^B.J n d?^(<^«^)) 

\y:d(x,y) = l J 

\ij:d{x,y) = l j 



^{d-^ (z)) = -z / DSa,. I n d?^(<^®^) 1 rf^'-V , (6.10) 



(6.11) 

where D is a m x m matrix of differential operators with entries 

D := Dx\m.x\{,}) . , _ . (6.12) 



where Dx^x and -Di\{fc},i\{j} are defined as in (|3.4p . D^^^ represent the matrix- 
operator D acting with respect to (^^^ and D'^^'D^^'' has to be understood as a 
matrix product. 
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Theorem 11.51 now follows from ()6.10p . ()6.1ip . Corollary 16.31 Lemma 13.51 the 
Leibniz type rule (jB.20|) and dominated convergence. The most crucial observation 
is that by Lemma 1531 and Corollarv l6.3[ the product of the terms c}^^^ 
respectively, have continuous extensions in "Hi and /Ci, respectively. 



Now we can prove Theorem 1 1.21 Let us first start with part (ii). For A = 0, i? G 
Ia.s one has lin.{G''^\E)) > 0. Therefore, Theorem 11.51 implies that there is an 
open neighborhood U of {0} x I^.s such that for all a; e T, E{g'^^\{E + irj)) and 

E(|G'!^'(£' + i'7)P) extend continuously to {X,E,i]) e U x [0,oo) and such that for 
all g e {1, . . . , s} one has 



limlm E{g'-^\e + ii])) > for (A, E) e U 



(6.13) 



The latter can be achieved by continuity and possibly shrinking the neighborhood U 
as in Theorem 1 1.51 since lim^^olm g'^)''\e + irj) > for G /a,5- Theorem O (ii) 
follows as E(G^'(i? + irj)) is the Stieltjes transform of E(/ij;). 

Using Fubini's Theorem, Fatou's Lemma and the continuous extension of z i— t- 
E(|G[fl(2)|') to z e Ux, one obtains for an interval [a, b] C U\ 



IE, 



lim inf 



Tr 



4^1 iE + l7^) 



< 



lim inf 



IE, Tr 



dE 



G^fi {E - 



(6.14) 



ir]) 



dE < oo 



Thus, 



lim inf 



Tr 



dE < oo with probability one. 



(6.15) 



Clearly, G^ {z) is the Stieltjes transform of fix- Therefore, similarly as in |KS) . 
based on jK161 Theorem 4.1] (or |Kell Theorem 2.6]) one obtains from (|6.15p that, 
almost surely, fix is absolutely continuous with respect to the Lebesgue measure in 
(a, b) C Ux and the density is a matrix valued function. As there are countably 
many vertices x € T and the open set Ux can be obtained as countable union 
of intervals (a, 6) satisfying [a,b] C Ux, we obtain that with probability one, all 
measures fix are absolutely continuous in Ux- Thus, we finally proved part (i) of 
Theorem O 



Appendix A. Spectrum of operators with compact power 

Proposition A.l. Let C be an operator on a Hilbert space % such that a power 
G^ is compact. Let moreover V„ for u G be finite dimensional subspaces such 
that C leaves V„ invariant and such that '■^ dense in %. Then one has 

a{C)= y a(G|vJU{0}, (A.l) 

where cr(G|v„) denotes the set of eigenvalues of the restriction of G to the finite 
dimensional space 
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Proof. As C leaves Yu invariant and as G o-(C) since is compact, the inclusion 
'D' is trivial. So let c ^ f(C|v„) for any u e Z+ and c 7^ 0, we have to show 
c ^ o'(C). Now, (C — c)|v„ is invertible on V„ and hence (C — c)(V„) — Vu. 
Therefore, the range of C — c includes Um^m ^^'^ dense in and hence 

ker(C*-c) = [(C-c)(Hr = {0},. 

Thus, c 7^ is not an eigenvalue of C* . Since {C*y is compact, this means c is not 
in the spectrum of C* , and C* — c = (C — c)* is invertible. But this means C — c 
is invertible and hence c ^ o'(C). □ 

Appendix B. Supersymmetric methods 

For the readers convenience we briefly give the supersymmetric back ground for 
the definitions and identities in Sections|3]and|4l We use the notations as introduced 
in jKS| IKS2j which give a more conceptual introduction. 

Given an alphabet A (set of symbols) let A(^) denote the Grassniann algebra 
generated by the symbols in A. A(y^) is given by the free algebra over the alphabet 
A modulo the anti-commutation relations ab + ba — for a,b Cz A. The elements of 
A will be called independent Grassmann variables. The set of linear combinations 
of elements of ^ are the so called one forms in A(^). Clearly, ii A C B, then A(^) C 
A{B) can be naturally considered as a sub-algebra. Hence, one can always introduce 
a new Grassniann variable which is independent to all Grassmann variables already 
used. 

Let 'ipk,e, ipk I fc"^ k — 1, . . . ,m and t — 1, . . . , n be 2mn independent Grassmann 
variables (letters in the alphabet). Together with an ordinary variable Lpk,i € 
one has 2mrj so called supervariables 4>k,i = ivk,e,4'k ij'i'k/)- The collection $ = 
i'Pk,e)k,i will be called a mxn supermatrix. Its ordinary variables part, (p = {(pk,i)k,i 
with entries in R^, as well as the Grassmann variables part = (jpf. i,'ipk,i) will be 
considered as to x 2n matrices and one may write $ = {ip, ^). The set of all m x n 
supermatrices whose Grassmann variables are one forms of a Grassmann algebra 
A{A) will be denoted by £rn,n{A). Two supermatrices will be called independent, 
if all one- forms are linearly independent. 

For an TO X n supermatrix # S (.4) and an to x to matrix B, we define 

- e CmA-A) by 

?n m 

</>j/ = ^ Bj^k(t)k,i = ^ {Bj,k^k,e, Bj^kipk.ii Bj^kiikx) ■ (B.l) 

k=l k=l 

Moreover, for supervariables 4>i = {ipi^tpijipi), (p2 — (</52, "02; V'2) we define 

01 • 02 := <<5l ■ <<52 + ^(^/'lV'2 + V'2V'l) , (B.2) 

and for supermatrices let 

m n rn n 

*'•*■= ■ -^fc/ and • := Bo,k(l)'j,t ■ (l>k,^ ■ (B.3) 

fc=l £=1 1=1 

Furthermore, we define the m x m matrix with entries in A(^), by 

n 

(*®^),-fc :=^0,-,.0fc,, . (B.4) 
e=i 
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Note that 

For a supermatrix $ = (<p, '4'), one finds 

$©2 ^ j^02 _^ ^02 ^ ^.^j^ ^02 ._ ^^T ^02 _ ^ J^T ^ j-g 

foil 

where J is the 2n x 2n matrix consisting of n blocks _ i ^ along the diagonal. 

L 2 ^ J 

Given a matrix B e C™^™ and y', y G M™x2"^ write 

cp' ■Bv.= Y, Bj,k^',^e ■ Vk,i = Tr{{<pYBip) € C . (B.7) 



Next let us recall the convenient notation for Grassmann monomials as in jKS2j . 
For convenience, let X = {1, . . . ,m} and denote the set of subsets of I by ^P(I). 
Given (a, a) e = x «P(I) and a = {fci,...,fcj, a = {fci,...,fcd}, 

both ordered ( i.e., ki < kj and ki < kj if i < j), we set 

/|s| _ \ /kl \ 

^-a,aj ■■= I n '^fe./ j I n^^-^ 1 ' (^-^^ 

using the conventions 0^=1 V'j = ''/'iV'2 ■ ■ ■ 4'c for non-commutative products and 
n^=i ~ 1- particular, ^0,0,^ = 1. Given a pair of n-tuples of subsets of I, 
(a, a) e X (Cp(I))" with a = (ai, . . . , a„) and a = (ai, . . . , a„), we set 

n 
f=l 

For / g C^(Sym"'"(m)) and det((^®2) ^ 0, a formal Taylor expansion yields the 
definition (cf. fKS2', eq.(2.17)] and [KSl eq.(2.26)]) 

/(*®2):= I?a,a /('^®') sgn(a)vl/^^a . (B.IO) 

(a,a)e-P" 

where ZJ^.a is defined as in p.4p and 

n 

sgn(a) = n(-l) '""'^""'' ' ae(^(I))". (B.U) 

£=1 

Consider the Grassmann algebra over some alphabet A and let -0 G -4. Then 
F e A(yl) can be uniquely written as F = Fq + Fii) with Fq,Fi e A(yl \ {■0}) and 
the Berezin integral over dip is defined by 

J F dtp = J Fo + Fii} di) := Fi . (B.12) 

The integral over d4> can be understood as a linear map from A(^) to A(yl\ {tp}). 
Because of the anti-commutativity of "0, "0 € -4 in A{A) one finds 

Ftpipd-pdip = J -F-ptpdipdip = J -Ftp dtp ^-F. (B.13) 

A superfunction for ^ = (y, is a function mapping (p E ]gmx2n 

A('S') and can be written as 

F(*)= ^a.a('^)*a,a , (B.14) 

(a,a)e'P(I)xq3(I) 
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where i^(a.a) are functions from ^.g^jj ^ smooth or mtegrable if ah 

^(a,a) are smooth or integrable, respectively. If F{^) is integrable, then we define 

/ „ m n 

^ — Fi^) Yl II cPipk,e chp,^, di^k,t ■ (B.15) 



A superfunction is cahed supersymmetric, if F{^) — /(#®^). An important in- 
tegral equality is given in |.KSp, Proposition II. 2. 10] which implies for a smooth, 
integrable, supersymmetric function F{^) — /($®^), that 

J F{^) -D* = y /(*®^) = /(O) . (B.16) 

Let be independent super matrices, and let A, B be two complex m x m 

matrices with B = and 2 Re(B) = B + B* > 0. Then, a special case of ((RT6)) 
together with some changes of variables shows (cf. |KSp[ Theorem III. 1.1]) 

where the exponential is defined by a formal Taylor expansion in the Grassmann 
variables. Using 2* • A^' - * • = -(* - B-^A^') ■ B(* - B'^A^') + *' • 
A^B-^A^' one obtains for B = B^, Re(B) > that 



/ 



2* A*' g-* B* ^ ^ {B.18) 



Next, let us define some algebraic operations on (*P(I))" which will give a Leibniz 
type formula. Let a, b € (*P(I))". If n = for each I = 1, . . . , n, then we say 
a and b are addahle and define c = a + b e (*P(I))" by ci = U 6^. We say that 
(a, a) and (b, b) e Cp(I)" x Cp(I)" are addable if a + b and a + b are defined by 
the notion above. In this case we define sgn(a, a, b, b) g {—1, 1} by 

«'a,a l-b.b = sgn(a, a, b, b) *a+b,a+b ■ (B.19) 

Since the product of two supersymmetric functions is supersymmetric, for all /, g G 
C^(Sym+(TO)) and aU (a, a) € we have 

E ^g^(b)Bgn(iy)s^a) 
•e-^ sgn(b, b, b', b'l 

(b,b),(b',b')e-P" <= V : ; ; 
b+b'=a ,b+b'=a 

Furthermore, let us introduce X = (I, . ■ . ,1) G (Cp(I))" as the n-tuple of subsets 
of I where each entry is the full set I, and for a G (*P(X))" define a*^ g (Cp(I))" as 
the element which is addable to a and a + a*^ =X. 

For n > ^ , f £ 5„(Sym^(m)) the supersymmetric Fourier transform Tf is 
defined by 



(r/)((*')©2) ^ J g±»*'-* /($02) ^ (B_21) 



T maps 5„(Sym^(m)) into itself. Since (— $)®2 — $©2 ^ change of variables shows 
that Tf does not depend on the sign in the first exponent, ±i#' • One finds jKSj 
eq. (2.37)] 

i^a,a(r/) = f^sgn(a,a)X(i^ac.ac/) for aU (a, a) e 7^" , (B.22) 
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where 



sgn(a,a) := (-1)' 



,sgn(a)sgn(a'^)sgn(X) 



(B.23) 



sgn(a, a, a'^, a'^) 

as in |KS1 IKS2) and T denotes the Fourier transform on R™x2n. abuse the 

notation by letting J"/ denote the function in 5„(Sym"^(m)) such that (J"/)(<p®^) 
is the Fourier transform of the function F(ip) = /(tp®^). 

Integrating out the Grassmann variables, the definition of T given here reduces 
to (|3.12p . Moreover, with this correspondence, (|B.18|) implies (|3.13l) . The equation 
(|B.22I) is also the main reason for the definition of the norms and the Banach spaces 
T-l, Hp. In particular, one can read off directly that T is an involution and unitary 
on Ti. 



Appendix C. Supersymmetric identities for the matrix Green's 

functions 

We wiU use the notations as introduced in Appendix IB] and Section |4j esp. (|4.3p . 
(|4.4p . (14.71) and (|4.9|) . Using the supersymmetric replica trick [Berl lEfel IKll] one 
obtains similar to [KS", eq. (3.7), (3.15), (4.3)] that 



G^^l(z) 



y:d(j:,y) = l 



(C.l) 



and 



X e 



E (*+-G(''l^'(z)*+-*--Gi''l"='(2)*-) 

y:d{x ,y) = l 



Next, let us take expectation values and use the fact that the matrix potential 
V{x) is independent identically distributed. Then one obtains 



E 



E(g[^1 (z)) 



(z) 



2n 



y:d{x,y) = l 

(C.3) 



4„2 J + 



(C.4) 



X /i(iA(*f - -Q ^JI-)($02^$02) 

y:d{x,y) = l 

Moreover, like in [KSl eq. (3.13)] we get the following relations. Let d{x,y) = 1, 
then one obtains the following. 



gi*'-*gi*-(z-Aiy(a;)-iA)* 



n 



X :d{x,x ) — 1 
x'^y 



(C.5) 
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Taking expectations leads to 




(C.6) 



a;':rf(a;,a;') — 1 

Similar calculations give (|4.15p and (I4.16p . 

References 

[Aiz] M. Aizenman, Localization at wcaJc disorder: some elementary bounds, Rev. Math. Phys. 
6, 1163-1182 (1994) 

[ASW] M. Aizenman, R. Sims and S. Warzel, Stability of the absolutely continuous spectrum 
of random Schrddinger operators on tree graphs, Prob. Theor. Rel. Fields, 136, 363-394 
(2006) 

[AM] M. Aizenman and S. Molchanov, Localization at large disorder and extreme energies: an 

elementary derivation, Commun. Math. Phys. 157, 245-278 (1993) 
[AW] M. Aizenman and S. Warzel, Resonant delocalization for random Schrdinger operators on 

tree graphs, preprint arXiv:1104.0969 (2011) 
[Ber] F.A. Berezin, The method of second quantization. Academic Press, New York, 1966 
[CKM] R. Carmona, A. Klein and F. Martinelli, Anderson localization for Bernoulli and other 

singular potentials, Commun. Math. Phys. 108, 41-66 (1987) 
[DLS] F. Delyon, Y. Levy and B. Souillard, Anderson localization for multidimensional systems 

at large disorder or low energy, Commun. Math. Phys. 100, 463-470 (1985) 
[DK] H. von Dreifus and A. Klein, A new proof of localization in the Anderson tight binding 

model, Commun. Math. Phys. 124, 285-299 (1989) 
[Efe] K. B. Efetov, Supcrsymmetry and theory of disordered metals. Advances Phys. 32, 53-127 

(1983) 

[FHH] R. Froese, F. Halasan and D. Hasler, AbsoiuteJy continuous spectrum for the Anderson 
model on a product of a tree with a finite graph, arXiv: 1008.2949 i^l (2010) 

[FHS] R. Froese, D. Hasler and W. Spitzer, AbsoJuteJy continuous spectrum for the Anderson 
Model on a tree: A geometric proof of Klein's Theorem, Commun. Math. Phys., 269, 
239-257 (2007) 

[FHS2] R. Froese, D. Hasler and W. Spitzer, AbsoJuteiy continuous spectrum for a random po- 
tential on a tree with strong transverse correlations and large weighted loops. Rev. Math. 
Phys. 21, 709-733 (2009) 

[FMSS] J. Frohlich, F. Martinelli, E. Scoppola and T. Spencer Constructive proof of localization 
in the Anderson tight binding model, Commun. Math. Phys. 101, 21-46 (1985) 

[FS] J. Frohlich and T. Spencer, Absence of diffusion in the Anderson tight binding model for 
large disorder or low energy, Commun. Math. Phys. 88, 151-184 (1983) 

[CMP] Ya. Gol'dsheid, S. Molchanov and L. Pastur, Pure point spectrum of stochastic one di- 
mensional Schrddinger operators, Funct. Anal. Appl. 11, 1-10 (1977) 

[Hal] F. Halasan, AbsoJuteJy continuous spectrum for the Anderson model on trees, PhD thesis 
2009, arXiv;0810.2516i'3 (2008) 

[Ka] T. Kato, Wave operators and similarity for some non self-adjoint operators. Mat. Ann. 
162, 258-279 (1966) 

[Kel] M. Keller, On the spectral theory of operators on trees, PhD Thesis 2010, accessible at 
|arXiv;1101.2975 

[KLW] M. Keller, D. Lenz and S. Warzel, On the spectral theory of trees with finite cone type, 

arXiv:1001 .3600V 2 (2011), to appear in Israel J. Math. 
[KLW2] M. Keller, D. Lenz and S. Warzel, Absolutely continuous spectrum for random operators 

on trees of finite cone type. larXivTn 08.0057 (2011) 
[KU] A. Klein, The supersymmetric replica trick and smoothness of the density of states for 

random Schrodinger operators, Proc. Symposia in Pure Mathematics 51, 315-331 (1990) 



A.C. SPECTRUM ON TREE-STRIPS OF FINITE CONE TYPE 



29 



[K12] A. Klein, Localization in tiic Anderson model witli long range hopping, Braz. J. Phys. 23, 
363-371 (1993) 

[K13] A. Klein, Absolutely continuous spectrum in the Anderson model on the Bethe lattice, 

Math. Res. Lett. 1, 399-407 (1994) 
[K14] A. Klein, Absolutely continuous spectrum in random Schrddinger operators. Quantization, 

nonlinear partial differential equations, and operator algebra (Cambridge, MA, 1994), 139- 

147, Proc. Sympos. Pure Math. 59, Amer. Math. Soc, Providence, RI, 1996 
[K15] A. Klein, Spreading of wave packets in the Anderson model on the Bethe lattice, Commun. 

Math. Phys. 177, 755-773 (1996) 
[K16] A. Klein, Extended states in the Anderson model on the Bethe lattice, Advances in Math. 

133, 163-184 (1998) 

[KLS] A. Klein, J. Lacroix and A. Speis, Localization for the Anderson model on a strip with 

singular potentials, J. Funct. Anal. 94, 135-155 (1990) 
[KS] A. Klein, C. Sadel, Absolutely Continuous Spectrum for Random Schrddinger Operators 

on the Bethe Strip, Math. Nachr. 285, 5-26 (2012) 
[KS2] A. Klein and C. Sadel, Ballistic Behavior for Random Schrddinger Operators on the Bethe 

Strip, J. Spectr. Theory 1, 409-442 (2011) 
[KSp] A. Klein and A. Speis, Smoothness of the density of states in the Anderson model on a 

one-dimensional strip. Annals of Phys. 183, 352-398 (1988) 
[Klo] F. Klopp, Weak disorder localization and Lifshitz tails, Commun. Math. Phys. 232, 125-155 

(2002) 

[KuS] H. Kunz and B. Souillard, Sur le spectre des operateurs aux differences iinies aleatoires, 

Commun. Math. Phys. 78, 201-246 (1980) 
[Lac] J. Lacroix, Localisation pour I'operateur de Schrddinger aleatoire dans un ruban, Ann. 

Inst. H. Poincare ser A40, 97-116 (1984) 
[Nir] L. Nirenberg, Topics in Nonlinear Functional Analysis, New York: Courant Institute of 

Mathematical Sciences, 1974 
[SS] C. Sadel and H. Schulz-Baldes, Random Dirac Operators with time reversal symmetry, 

Commun. Math. Phys. 295, 209-242 (2010) 
[SW] B. Simon and T. Wolff, Singular continuum spectrum under rank one perturbations and 

localization for random Hamiltonians, Commun. Pure. Appl. Math. 39, 75-90 (1986) 
[Wa] W.-M Wang, Localization and universality of Poisson statistics for the multidimensional 

Anderson model at weak disorder. Invent. Math. 146, 365-398 (2001) 

University op California, Irvine, Department of Mathematics, Irvine, CA 92697-3875, 
USA 

E-mail address: csadel8math.uci.6du 



